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Abstract. Let E he a, flat complex vector bundle over a closed oriented odd dimensional manifold M 
endowed with a flat connection V. The refined analytic torsion for (A/, E) was defined and studied by 
Braverman and Kappeler. Recently Mathai and Wu defined and studied the analytic torsion for the 
twisted de Rham complex with an odd degree closed differential form H, other than one form, as a fiux 
and with coefficients in E. In this paper we generalize the construction of the refined analytic torsion 
to the twisted de Rham complex. Wc show that the refined analytic torsion of the twisted de Rham 
complex is independent of the choice of the Ricmannian metric on M and the Hermitian metric on E. 
We also show that the twisted refined analytic torsion is invariant (under a natural identification) if H is 
deformed within its cohomology class. We prove a duality theorem, establishing a relationship between 
the twisted refined analytic torsion corresponding to a flat connection and its dual. We also define the 
twisted analogue of the Ray-Singer metric and calculate the twisted Ray-Singer metric of the twisted 
refined analytic torsion. In particular we show that in case that the Hermtitian connection is fiat, the 
twisted refined analytic torsion is an element with the twisted Ray-Singer norm one. 



1. Introduction 

Let E he a flat complex vector bundle over a closed oriented odd dimensional manifold M endowed 
with a flat connection V. Braverman and Kappeler [H El [71 [5] defined and studied the refined analytic 
torsion for (AI,E), which can be viewed as a refinement of the Ray-Singer torsion |19j and an analytic 
analogue of the Farber-Turaev torsion, [TTl [T^ |531 [53] . It was shown that the refined analytic torsion is 
closely related with the Farber-Turaev torsion, [H [3 HI [H] ■ 

In [T711IH] Mathai and Wu generalize the classical construction of the Ray-Singer torsion to the twisted 
de Rham complex with an odd degree closed differential form H, other than one form, as a flux and with 
coefficients in E. The twisted de Rham complex is the Z2-graded complex {^1*{M, E),V^), where 
(0*(M, E) is the space of differential forms with coefficients in E and V + A •. Its cohomology 

H*{M,E,H) is called the twisted de Rham cohomology. Mathai and Wu [T7] defined the analytic 
torsion of the twisted de Rham complex t{M, E, H) G Det (^H*{M, E, H)) as a ratio of ^-regularized 
determinants of partial Laplacians, multiplied by the ratio of volume elements of the cohomology groups. 
They showed that when dim Af is odd, t{M, E, H) is independent of the choice of the Riemannian metric 
on M and the Hermitian metric on E. They also showed that the torsion t(M, E, H) is invariant (under 
a natural identification) if H is deformed within its cohomology class and discussed its connection with 
the generalized geometry [T^ . 

In this paper we define the refined analytic torsion for the twisted de Rham complex Pan(V^) G 
Det (^H'{M,E,H)Y We show that the twisted refined analytic torsion /9an(V^) is independent of the 
choice of the Riemannian metric on M and the Hermitian metric on E. We then show that the torsion 
Pan(V''^) is invariant (under a natural identification) if H is deformed within its cohomology class. We 
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also establish a duality theorem, establishing a relationship between the twisted refined analytic torsion 
corresponding to a flat connection and its dual, which is a twisted analogue of Theorem fO.3 of [5 . In the 
end we define the twisted analogue of the Ray-Singer metric and then calculate the twisted Ray-Singer 
norm of the twisted refined analytic torsion. In particular we show that in case of flat Hermtitian metric, 
the twisted refined analytic torsion is a canonical choice of an element with the twisted Ray-Singer norm 
one. 

The paper is organized as follows. In Section [21 we review some standard materials about determinant 
lines of a Z2-graded finite dimensional complex. Then we define and calculate the refined torsion of 
the Z2-graded finite dimensional complex with a chirality operator. In Section [31 we define the graded 
determinant of the twisted version of the odd signature operator of a flat vector bundle E over a closed 
oriented odd dimensional manifold M. We use this graded determinant to deflne a canonical element 
Ph of the determinant line of the twisted de Rham cohomology of the vector bundle E. We study the 
relationship between this graded determinant and the ?7-invariant of the twisted odd signature operator. 
In Section [31 we flrst study the metric dependence of the canonical element pH and then use this element 
to construct the refined analytic torsion twisted by the fiux form H. We show that the twisted refined 
analytic torsion is independent of the metric and the representative H in the cohomology class [H]. 
In Section [5l we first review the concept of the dual of a complex and construct a natural isomorphism 
between the determinant lines of a Z2-graded complex and its dual. We then establish a relationship 
between the twisted refined analytic torsion corresponding to a flat connection and that of its dual. In 
Section [6l we first define the twisted Ray-Singer metric and then calculate the twisted Ray-Singer norm 
of the twisted refined analytic torsion. 

Throughout this paper, the bar over an integer means taking the value modulo 2. 

Acknowledgement. The author would like to thank Maxim Braverman for suggesting this problem. 
2. The refined torsion of a Z2-GRADED finite dimensional complex with a chirality 

OPERATOR 

In this section we first review some standard materials about determinant lines of a Z2-gradcd finite 
dimensional complex. Then we define and calculate the refined torsion of the Z2-graded finite dimensional 
complex with a chirality operator. The contents are Z2-graded analogues of Section 2, Section 4 and 
Section 5 of [5]. Throughout this section k is a field of characteristic zero. 

2.1. The determinant line of a Z2-graded finite dimensional complex. Given a k- vector space 
V of dimension n, the determinant line of V is the line Det{V) := A"^, where A"F denotes the n-th 
exterior power of V. By definition, we set Det(O) :— k. Further, we denote by Det(y)~-^ the dual line of 
Det(V^). Let 

0^ C° A A •■•^-^^ C" ^0 (2.1) 

be an odd length, i.e. m = 2r — 1 being a positive odd integer, cochain complex of finite dimensional 
k-vector spaces. Set 

r— 1 r— 1 

^0 ^cvcn (J^^ (J^ ^odd ^2i+l 

1=0 1=0 

Let 

: ... A A A CO A ••• (2.2) 
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be a Z2-graded cochain complex of finite dimensional k-vector spaces. For example, we can choose 
4 = Ej,j=/cmod2 Denote by H^idk), {k = 0, f) its cohomology. Set 

Det(C") := Det(C") ®Det(C^)"\ Bet{H'{d)) -.^ Det {H° (do)) (E)Det {H\di)y\ (2.3) 

2.2. The fusion isomorphisms, (cf. 5, Subsection 2.3]) For two finite dimensional k-vector spaces V 
and W, we denote by ^j.v,w the canonical fusion isomorphism, 

Hv,w ■■ Det(y) ® I)et{W) ^ Det(y ® W). (2.4) 

For V e Det(V^), w G Det{W), we have 

^iv,wiv®w) = {-lf"^^-'^"''^nw,viw®v). (2.5) 

By a slight abuse of notation, denote by i^y\^ the transpose of the inverse of nv,w- 

Similarly, if Vi, • • • ,Vr are finite dimensional k-vector spaces, we define an isomorphism 

UVu- ,Vr ■ Det(yi) • • • ® Det(K-) ^ Det(Vi © • ■ • © !/,■)■ (2-6) 

2.3. The isomorphism betvifeen the determinant lines of a Z2-graded complex and its coho- 
mology. For fc = 0, 1, fix a direct sum decomposition 

= (S)H^ ® A^, (2.7) 

such that ® H*" = (Ker^) n and B^^ = d-^{C^) = d^{A^) . Then is naturally 
isomorphic to the cohomology H'^{dj^) and dj. defines an isomorphism : A'^ — B^^^ . 

Fix Cfc e Det(C*^) and G Det(#). Let 4(0^) G Det(B'=+i) denote the image of aj. under the map 
Det(A'^) — Det(i?'^+^) induced by the isomorphism d^ : ^ B^^^ . Then there is a unique element 
hj. G Det(i7'^') such that 

Cfe = ^J■B-^M-\AJ'{dk+l{a^)®h-^,(i)aJ}j, (2.8) 
where ^jk ^k is the fusion isomorphism, cf. (12. 6|) . see also Subsection 2.3]. 
Define the canonical isomorphism 

(t'c = 0(cvd) : Dct(C') ^ Det(i7'(d)), (2.9) 

by the formula 

<t)C' ■■ c-Q (E) ^ (-l)-^(^')/io » (2.10) 

where 

Af{C') - 51 dimA''^ ■ (dim# + (-1)'=+!). (2.11) 

fc=0,l 

2.4. The fusion isomorphism for Z2-graded complexes. Let C* = © and C* = C° © be 

finite dimensional Z2-graded k-vector spaces. The fusion isomorphism 

Aip. p. : Det(C") (g) Det(C") ^ Det(C" © C*), 

is defined by the formula 

I^C'.c' ■■= (-l)-^^""''^* Vco,co ® M^i^ci ' (2.12) 

where 

7W(C",C") := dimC^ -dimC". (2.13) 

The following lemma is a Z2-graded analogue of [5] Lemma 2.7] and [12j Lemma 2.4]. The proof is a 
slight modification of the proof of [51 Lemma 2.7]. 
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Lemma 2.1. Let {C',d) and [C ,d) be Z,2-graded complexes with finite dimensional h-vector spaces. 
Further, assume that the Euler characteristics — x{^*) — 0- Then the following diagram com- 

mutes: 

Det(C")®Det(C'*) '^'^'^'^'^•> Bet {H'{d)) (S)Det { H'{d)) 

t^C'.C' t^H'(d).H'(d} (2.14) 

Dct(C"©C') ^^1^ Det{H'{d®d)) ^Dct{H'{d)®H'{d)) 

Proof. Proceed similar procedures as the proof of Lemma 2.7 of [5], of. [3 P. 152-153], we conclude that 
to prove the commutativity of the diagram ()2.14p it remains to show that, mod 2, 

JV{C* © C') + AA(C") + U{C') +M{C',C') + M{H',H') (2.15) 

= ^ ( dim A'' ■ dim A^+'^ + dim H'' ■ dim + dim A'' ■ dim H'') . 

Using the identity 

{x + y){x + y + (-1).') x{x + (-!)■') yjy + (-1)^) ^ ^ 

2 2 2 " ^' ^ ^ 

where x,y £C,j £ Z>o, we have 

J\f{C' ®C')-Af{C')-AfiC') = ^ dimA^ •diml''. (2.17) 

fe=oa 

By (12. 7p and the equalities dimA'^"'"^ = dimS'^, dimj4'^+^ = dinii?'^, we have 

dim C*^' = dim A'' + dim A^ + dim H^^ , dim C'' = dim A'' + dim + dim (2.18) 
By (I2.13p . (|2.18p and a straightforward computation, we obtain, modulo 2, 

M{C',C') + M{H',H') + J2k=o,i{'^^'^'^'' ■ dim + dim H'' ■ dim + dim ■ dim fl"'^) 

= Efc=o 1 dim A*^ ■ dim# + dim ■ (dimif° + dimH^) + (dimi/° + dimH^) ■ diml^. 

i2.19) 

By (|2.17p . (|2.19p and the assumption that the Euler characteristic of the complex {C*,d) (resp. {C*,d)) 
is zero, i.e. J2k=o i^^^^'^ = (mod 2) (resp. X]fc=o i = O(mod 2)), we obtain the equality 

mB- □ 

2.5. The refined torsion of a finite dimensional Z2-graded complex with a chirality operator. 

Let (C* ,d) be a Z2-graded complex defined as (|2.2p . A chirality operator is an involution T : C* ^ C 
such that r(C'=) = C'^,k = 0,1. For g Det(C'^'), we denote by Fc^ £ Det(C^) the image of 
under the isomorphism Det(C'^) — Det(C'^'^^) induced by F. 
Fix a nonzero element cg G Det(C'^) and consider the element 

cr := (-l)^(c-) . ^_ ^ ^ Det(^.)^ (2.20) 

where 

TZ{C') := ^ dimC° • (dimC" + 1). (2.21) 

The element defined in (|2.20p is a Z2-graded analogue of the Z-graded one as defined in [iS, (4-1)], by 
Braverman-Kappeler, and is chosen to fit the Z2-graded setting. 
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Definition 2.2. The refined torsion of the pair {C',T) is the element 

pr = pcvr :=$c-(cr), (2.22) 

where <i>c. is the canonical map defined by (j2.9p . 

The following is the Z2-graded analogue of Lemma 4.7 of [5]. 

Lemma 2.3. Let {C',d) and {C',d) be 'Z2-graded complexes defined as (|2.2p and let T : C ^ C , 
r : C* — C* be chirality operators. Then T := F © F : C* © C* C* (B C* is a chirality operator on the 
direct sum complex (C © C*, d © d) and 

Pv = l^H'{d)M'(d){Pr®Pv)- (2-23) 

Proof. Clearly, F^ = 1 and f(C'= © &) = C*^© (5'=+^. Hence, f is a chirality operator. By LemmaO 
to prove (|2.23p it is enough to show that 

Cp — fi^. Q, (cr © Cp) . (2.24) 

Fix nonzero elements Cq G Det(C°),Co G Det(C") and set eg = /x^o q^'^o "Xico). We denote the operators 
induced by F and F on Det(C*) and Det(C*) by the same letters. Thus, 

Fcg = (F©r) o^po p_(co ©Co) = (=;i(Fco ©Fcg). 
Hence, it follows from ([^1^ and I^TI^ that 

/.c.,c.(cr ® Cp) ^ (_i)-M(c-,c.)+,^(c-H7^(c.) ^ (r?o)-^ 

^ (-_-^-)A4(c',c')+K(c')+7?,(c*)-TC(c'ec') . ^2.25) 

Using the identity (|2.16p . we obtain from (I2.2ip 

■R{C') + TliC') - TZ{C' © C') = dimC° • dirnC". (2.26) 

Using the isomorphism F : C'^ — > C^, one sees that dimC" — dimC^. Combining this fact with (I2.13p 
and ()2.26p . we conclude that 

M{C',C')+TZ{C')+n{C')-n{C' ®C')=0 mod 2. (2.27) 

The identity ([2:241) follows from (f2:25|) and ^27}l- □ 

2.6. Dependence of the Z2-graded refined torsion on the chirahty operator. Suppose that 
Tt,t e M, is a smooth family of chirality operators on the Z2-graded complex {C*,d). Let Ft : C'' 
C'^"'"^, fc = 0, 1, denote the derivative of Tt with respect to t. Then, for fc = 0, 1, the composition Ft o Ft 
maps C'^' into itself. Define the supertrace Trs(Ft o Ft) of Ft o Ff by the formula 

Tr,(rt o Ft) := Tr(rt o Tt\co) - Tr(rt ° Ttlci). (2.28) 

The following proposition is the Z2-graded analogue of Proposition 4.9 of JT. We modify the proof of 
Proposition 4.9 of [5^ slightly to fit our setting. 

Proposition 2.4. Let {C*,d) be a 'L2-graded complex of finite dimensional 'k-vector spaces and let Ft : 
C^'^^ ^t G K, 6e a smooth family of chirality operators on C* . Then the following equality holds 

|pr. = ^Tr,(rtoFt)-pr,. (2.29) 
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Proof. Let Fj 5 denote the restriction of Ff to C". We denoted the map Det(C°) — ?> Det(C^) induced by 
Ft by the same symbol F^ above. To avoid confusion we denote this map by F^g* in the proof. 
For to e R, we have F^ g = Q o F^^ iF^j, „. Hence, 



"""^ " Det(F,ooF,„,i)FD- =Tr(r,„.oor,,,i)F?J, 



dt 



pDct _ _^ 

t=to dt 



where for the latter equality we used the fact that for any smooth family of operators At : ^ C^, 
one has ^Det(^t) = TT{AtA^^) ■ Det(At) and that F^^g — F^^ j. Hence, for any nonzero element 
eg G Det(C''), we have 

_d 
Jt 

By ()2.30p and the definition p.20p of cr , we obtain 

d 



-(FDg^'(cg))± = ±Tr(f,,g o r,,i) . {Tff)^. (2.30) 



^^cr, = -Tr(Ft,goF,j).cr,. (2.31) 



Since F(_g o Fj j = 1, we have 



= ^ Tr(Ft,g o Ft,i) = Tr(f ,,g o F^^i) + Tr(r,,g o f ^j). 

Hence, 

Tr(rt,o°r,j) = -Tr(r,jor,,g). (2.32) 

Combining (fOT|) with ([O^ . we obtain (H^H). □ 

2.7. The signature operator. We now introduce the Z2-graded analogue of the Z-graded finite dimen- 
sional odd signature operator of O Section 5]. The signature operators l3-j^,k = 0,1 are defined by the 
formula 

B-^:=Td-k+dj^r. (2.33) 

Define 

C*: :=Ker(d^oF)nC^ = F(Kerd^nC'=+^), Ct := Ker dj, D C'' . (2.34) 
Let denote the restriction of B^. to . Then one has 

ImB^ C Im(F o ^l^,) C r(Kerd^|^^) C C^; (2.35) 

ImBjT C Im(d^oF|cO C lm{d^\^^) C Ct (2.36) 

Hence, 

B± ^rod-,:Cl~^Cl, Bl^dj^oT:C^_-^Cl. 

Note thar Sfc = F o Bj^ o F. 

The following lemma is the Z2-graded analogue of [H Lemma 5.2]. The proof is a verbatim repetition 
of the proof of ^5; Lemma 5.2], we skip the proof. 

Lemma 2.5. Suppose that the signature operators B^, A; = 0, 1 are bijective. Then the complex {C',d) is 
acyclic and 

C~^ = CI®CI. (2.37) 
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2.8. Calculation of the refined torsion in case B is bijective. In this subsection we compute the 
Z2-graded refined torsion in the case that Bj^, k — 0,1 are bijective. Assume that the signature operators 
Bj,,k = 0,1 are bijective. Then, by Lemma [2.51 the complex {C',d) is acyclic. Note that TB^T = B^ . 
Hence Det(6g^) Bet{Bf). Then we have the following definition. 

Definition 2.6. The graded determinant of the signature operator Bq is defined by the formula 

Detgr(6o) := Det(i3(]")/Det(-%) = Det(S^)/ Det(-Sf ). (2.38) 

The following proposition is the Z2-graded analogue of 5, Proposition 5.6]. We modify the proof of 
[3 Proposition 5.6] slightly to fit our setting. 

Proposition 2.7. Suppose that the signature operators B^,k — 0,1 are invertible and, hence, the complex 
{C*,d) is acyclic. Then 

pr = Detgr(Bo). (2.39) 

Proof. We choose the decomposition (|2.7p to be = C'l ® and define elements c^. as follows. Fix a 
nonzero element G T)et{C'l) and set 

where ^i^i Qk is the fusion isomorphism, cf. (|2.4p . see also [5, (2-5)]. Note that, by (|2.5p . 

Tcfe = Mc.J+T.c.sj+T("fc+T ® Tafc) 

= (-l)d™c.r ■di-'^^^ . A*p^_^jTT(rafc ® a^) 

Thus, from ([2?20|) . we obtain 

cr = (-l)^(^*).Co®(rco)-i 

Hence, by (|2.22p and (I2.10p . to compute pr we need to compute the elements hj^ G Det(i/'^) = k. 

If L is a complex line and x,y € L with y ^ 0, we denote by [x : y] G k the unique number such that 
X = [x : y]y. Then 

= [afc+T : rrffe+iafe+i] 

= Det(rd^)-i. (2.42) 
Combining (fTTU)l and ([TI^ . we obtain 

(co c^^) = (-l)^(C") . Det(rrfo) • Det(rdT)-i 

= (_i)A^(c-)+dimc| . Det(rdg) . Det(-rdi)-^ (2.43) 
Combining H^TI^ . ([Qg]) . (piiTt and dUS]), we have 

pp = $c-(cr) = (-l)^(^*)+^'™^+-^™^-+^(^*)+'^""^+ •Detgr(So)- 
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Hence, we are remaining to show that 

J"(C") := TZ{C') + dim C| • dim Cl + M{C') + dim = mod 2, (2.44) 
here we use the fact that TB^T = . By the fact that TB^T = B^ and ^^TU) . we have 

n{C') = ^(dimC° + dimC") • (dimC° + dimC° + 1) 
= ^ (dim C% + dim C\) ■ (dim 0% + dim C\ + 1) 

= ]^{AiuiC%f + i(dimC|)2 + diniC*^ • dimC| + ^ dimC*^ + ^ dimC|. (2.45) 

Recall that, (piT|) . 

A/-(C") = ^ dimC^(CO + 1) + ^ dimC^ (Ci - 1) 

= ^(dimC°)2 + ^ dimC^^ + i(dimC|)2 - ^dimC|. (2.46) 
Combining (f2^ . ([^45]) and (f2^ . we have 

7:-(C") = (dimC°)2 + (dimC|)2 + 2dimC° • dimC| + dimC*^ + dimC|. (2.47) 
By ()2.47p and the fact that for any a; e Z, x{x + 1) = (mod 2), we obtain 

F{C') ^ 0. 

□ 

2.9. Calculation of the refined torsion in case B is not bijective. In this subsection wc compute 
the Z2-graded refined torsion in the case that = 0, 1 are not bijective. Note that the operator B^ 

maps into itself. For an arbitrary interval I, denote by C the linear span of the generalized 
eigenvectors of the restriction of i3| to , corresponding to eigenvalue A with A G X. Since both F and 

dfc commute with (and, hence, with i3|), F(C|) C C^^^ and dj,{C^) C Cj+^. Hence, we obtain a 
subcomplex C* of C* and the restriction Fx of F to C* is a chirality operator for C*. We denote by 
H*{d) the cohomology of the complex {C*,dx). Denote by dj, j and Bj^x the restrictions of dj. and Bj. 
to C|. Then B^^x = ^idk,i + d^+i^x^i- 

Lemma 2.8. IfO^I, then the complex (Cx,dx) is acyclic. 

Proof. If, for fc = 0, 1, a; G Kerdj, j, then i3? j-x — {d^^T)'^x G Inic^fc+i j C Kerdj:^;. Since the operators 
B^ X ■ ~^ = 0) 1 ^re invertible, we conclude that Kcrdjij = Imdjrpjx- '-' 

For each A > 0, C" = Cj* © C(\ and i?'(d) = whereas ffj* ;^](d) = iJ'((i). Hence there are 
canonical isomorphisms 

$A : Det(i7(\^^)(d)) ^ C, vj/^, : Det{H^o,x]{d)) ^ Det(i7-(d)). 

In the sequel, we will write t for ^\{t) G C. 

The following proposition is Z2-graded analogue of [3 Proposition 5.10]. 
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Proposition 2.9. Let (C*,d) he a Z2-graded complex of finite dimensional 'k-vector spaces and let T be 
a chirality operator on C . Then, for each A > 0, 

where we view pr^g ^-^ as an element ofDet{H'{d)) via the canonical isomorphism ^'a • Dct(iJj* \]{d-)) ~^ 
Det(iJ*(d)). 

Proof. Recall the natural isomorphism 

Det(4^,](d) ® - Det(iJ[l^](d) ® = Dct(i7^(d)) (2.48) 

From Definition 12.21 Proposition 12.71 and (|2.48p . we obtain the result. □ 

3. Graded determinant of the twisted odd signature operator 

In this section we define the graded determinant of the odd signature operator, cf. [2 [13] , twisted by 
a flux form H, of a flat vector bundle E over a closed oriented odd dimensional manifold M. We use this 
graded determinant to define an element of the determinant line of the twisted de Rham cohomology of 
the vector bundle E. We also study the relationship between this graded determinant and the ry-invariant 
of the twisted odd signature operator. 

3.1. The twisted odd signature operator. Let M be a closed oriented smooth manifold of odd 
dimension to = 2r — 1 and let -E be a complex vector bundle over M endowed with a flat connection 
V. We denote by flP{M,E) the space of p-forms with values in the flat bundle E, i.e., Qp{M,E) = 
r{AP{T*M)K(S E) and by 

V : n'{M, E) n'+\M, E) 

the covariant differential induced by the flat connection on E. Fix a Riemannian metric g*^ on M and 
let * : Vl'{M, E) — > f7"'^*(Af, E) denote the Hodge ★-operator. We choose a Hermitian metric so that 
together with the Riemannian metric we can define a scalar product < •, • >m on U,'{M, E). Define 
the chirality operator F = T{g^') : n*{M,E) n'{M,E) by the formula, cf. (7-1)], 

Fw := r(-l)'^ ueVL^iM^E), (3.1) 

where r given as above by r = The numerical factor in p.ip has been chosen so that F^ = Id, cf. 

Proposition 3.58 of [3]. 

Assume that H is an odd degree closed differential form on M. Let 0"(M, S) := ri'=™"(M, S), 
Vl}{M, E) :— VL°^'^{M, E) and V-^ := V + H We assume that H does not contain a 1-form component, 
which can be absorbed in the flat connection V. 

Definition 3.1. The twisted odd signature operator is the operator 

B" = B{V",g^^) := TV" + \/"T : n'{M,E) -> n'{M,E). (3.2) 

We denote by B^ the restriction of B^ to the space il'^{M,E),k = 0,1. 
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3.2. C-function and ^-regularized determinant. In this subsection we briefly recafl some definitions 
of ^-regularized determinants of non self-adjoint elliptic operators. See [51 Section 6] for more details. 
Let D : C°°{AI,E) C°°{M,E) be an elliptic differential operator of order n > 1. Assume that 6 is an 
Agmon angle, cf. for example, Definition 6.3 of [S]. Let H : L'^[M,E) — >■ L?{M^E) denote the spectral 
projection of D corresponding to all nonzero eigenvalues of D. The ^-function D) of D is defined as 
follows 

Ce{s,D) = Tv\lDg% Res>^'^. (3.3) 

It was shown by Seeley [5T] (See also [22j) that C,e{s,D) has a meromorphic extension to the whole 
complex plane and that is a regular value of (e{s,D). 

Definition 3.2. The (^-regularized determinant of D is defined by the formula 

d 



Det',(i?) :=exp( - - Ceis^D) 
V as s=o 

We denote by 



LDet'o{D) = -^ Ce{s,D). 
as s=o 

Let Q be a 0-th order pseudo-differential projection, ie. a 0-th order pseudo-differential operator 
satisfying = Q. We set 

Ce(s,Q,D) =TrQ^Dg-^ Res > (3.4) 

The function Ce(si Qi D) also has a meromorphic extension to the whole complex plane and, by Wodzicki, 
[25], Section 7], it is regular at 0. 

Definition 3.3. Suppose that Q is a 0-th order pseudo-differential projection commuting with D. Then 
V := ImQ is D invariant subspace of C°°{M, E). The ^-regularized determinant of the restriction D\v 
of D to V is defined by the formula 

where 

LBet'g{D\v) = -^ Ce{s,Q,D). (3.5) 
as s=o 

Remark 3.4. The prime in Det'g and LDet'g indicates that we ignore the zero eigenvalues of the operator 
in the definition of the regularized determinant. If the operator is invertible we usually omit the prime 
and write Detg and LDet^ instead. 

3.3. The graded determinant of the twisted odd signature operator. Note that for each fc = 0, 1, 
the operator [B^Y niaps Vl^{M,E) to itself. Suppose that I is an interval of the form [0, A], (A,y^], or 
(A, oo) (/i > A > 0). Denote by ^(b"Y,i the spectral projection of (B^Y corresponding to the set of 
eigenvalues, whose absolute values lie in T. set 

n*^{M,E) := n(B„).^i(i7*(M,i;)) c n\M,E). 

If the interval I is bounded, then, cf. Section 6.10 of [5 , the space f2^(M, E) is finite dimensional. 
For each fc = 0, 1, set 

n\ 2-(M, E) := Ker(V^r) n f7|(A/, E) = (r(Ker V^)) n rj|(M, E); 

(3.6) 

nti{M,E) := Ker(rV^) nr2|(M,i;) = KcrV^ nf7|(M,£;). 
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Then 

n^iM, E) ^ Vl\ j^{M, E) © ^tL :^{M, E) if ^ I. (3.7) 

We consider the decomposition p. 71) as a grading of the space r2j(M, and refer to Vl^j-{M,E) and 
x(M, E) as the positive and negative subspaces of r2^(M, E). Denote by B^^ and B^j. the restrictions 
of B"^ to the subspaces 17 J (M, £;) and n\{M, E) respectively. Then B^^ maps ^-(Af, to itself. Let 
B^'^ denote the restriction of B^j. to the subspace x(M, E). Clearly, the operator B^"^ are bijective 

whenever ^ X. Note that TB^'i^rV = B^'^. Hence T>ete{B"'~) = Det9(Bf2-'^). Then we have the 
following definition. 

Definition 3.5. Suppose that 0^1. The graded determinant of the operator B^'^ is defined by 

Dete(Bfj+) Dete(Bifj+) 

Detg,e{B^x) -^w^ = ^ C\{0}, (3.8) 

' Dcte(-S^ Dcte(-6f^+) 

where Detg denotes the (^-regularized determinant associated to the Agmon angle 6 G (— 7r,0), c/. for 
example, Section o/ |5j . 



We define, cf. (1531) . 

LDetg,,e(S^x) = LDete(B^j+) - LDete(-B^^-) = hmte{B^:^) - LDete(-i3^^+). (3.9) 
It follows from formula (6-17) of [S] that p.Sp is independent of the choice of G (— 7r,0). 

3.4. The canonical element of the determinant line. It is not difficult to check that (V^)^ = 0. 
Clearly, : n^{M,E) VlF^{M,E) and T : n^{M,E) VlF^{M,E). Hence we can consider the 
following twisted de Rham complex with chirality operator T: 

{n'{M,E),V") : ■■■ ^n^\M,E) ^n\M,E) ^n°{M,E) ^ ■■■ . (3.10) 
We define the twisted de Rham cohomology groups of (f2*(Af, E), V^) as 

H''(M,E,H) = H''{V^) := ^ _ ' ' _ ' " , fc = 0, 1. 

-.n^+^iM^E) ^Vl^{M,E)) 

The groups H^{M, E, H), fc = 0, 1 are independent of the choice of the Riemannian metric on M or the 
Hermitian metric on E. Suppose that H is repalced hy H' = H — dB for some B G 11° (M), there is an 
isomorphism := e-^ A • : 0'(M, iJ) 9.'{M,E) satisfying 

o = V"' osb- 

Therefore Eb induces an isomorphism on the twisted de Rham cohomology, also denote by £s, 

Eb : H'{M,E,H) H'{M,E,H'). (3.11) 
Denote by C^^)* the adjoint of with respect to the scalar product < •, • >m- Then the Laplacians 
A, = Af :=(Vf)*Vf + V|L_(v|L_)*, fc = o, 1 

are elliptic operators and therefore the complex p.lOp is elliptic. By Hodge theory, we have the isomor- 
phism KerAj, = H'^{M, E, H),k = 0,1. For more details of the twisted de Rham cohomology, cf. for 
example [TT] . 
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Since commutes with , the subspace Qj{M, E) is a subcomplex of the twisted de Rham complex 
{n*{M,E),V"). Clearly, for each A > 0, the complex f^^^ ^^{M,E) is acyclic. Since 

n'{M,E) = ni,^^^{M,E)(Bni^^)iM,E), (3.12) 

the cohomology H'^ ^^{\7^) = H'^ ^^{AI, E, H) of the complex (r2*(Af, i?), V^) is naturally isomorphic 
to the cohomology H'{M, E, H). Let Fx denote the restriction of F to ilJ(Af , E). For each A > 0, let 

Pr,o,.j = Pr,,,„(V^,/^) e Det (i/fo „ (A/, i?, i/)) (3.13) 

denote the refined torsion of the twisted finite dimensional complex (fi'p ^ {M, E), V^) corresponding to 
the chirality operator F[o ,s^], cf. Definition 12.21 We view pr^g as an element of Det {H'{M, E, H)) via 
the canonical isomorphism between H* (M, E, H) and i/j* {M, E, H). 

Proposition 3.6. Assume that 9 G (— tt, 0) is an Agmon angle for the operator . Then the element 
PH = p(V^,/0 := Dctg,.,,(S,«(^^^)) • prj„ e Det {H'{M,E,H)) (3.14) 
is independent of the choice A > 0. Further, p^ is independent of the choice of the Agmon angle 

0e (-^,0) o/Bf. 

Proof. Clearly, for < A < /i, we have 

Detgr(S^^(,,^)) = Detg,(So'!(A.H) ' Detg,(6« ^^^)). (3.15) 

From Proposition 12.91 (|3.15p and (6-17) of [Hj, we obtain the result. □ 

3.5. The 77-invariant. In this subsection we recall the definition of the ?7-invariant of a non-self-adjoint 
elliptic operator D, cf. [T3], Subsection 6.15]. 

Definition 3.7. Let D : C°°{M,E) C°"{M,E) he an elliptic differential operator of order n > 1 
whose leading symbol is self-adjoint with respect to some given Hermitian metric on E. Assume that 9 is 
an Agmon angle for D, cf. Definition 6.3 of [5 . Let n> (resp. 11 <J he a pseudo- differential projection 
whose image contains the span of all generalized eigenvectors of D corresponding to eigenvalues A with 
Re > (resp. with Re < 0^ and whose kernel contains the span of all generalized eigenvectors of D 
corresponding to eigenvalues A with Re < (resp. with Re > Oj. We define the rj-function of D by the 
formula 

7jgis, D) = Ceis, n>, i?) - Ce(s, n<, -D). 

Note that, by the above definition, the purely imaginary eigenvalues of D do not contribute to rjg{s, D). 

It was shown by Gilkey, |13] . that "qgi^s, D) has a meromorphic extension to the whole complex plane 
C with isolated simple poles, and that it is regular at 0. Moreover, the number rig{0,D) is independent 
of the Agmon angle 9. 

Since the leading symbol of D is self-adjoint, the angles ±7r/2 are principal angles for D cf. [51 
Definition 6.2]. Hence, there are at most finitely many eigenvalues of D on the imaginary axis. Let 
m^{D) (resp. m^{D)) denote the number of eigenvalues of D, counted with their algebraic multiplicities, 
on the positive (resp. negative) part of the imaginary axis. Let mo(I3) denote the algebraic multiplicity 
of as an eigenvalue of D. 

Definition 3.8. The rj-invariant ri[D) of D is defined by the formula 

^^jj^ ^ VejO, D)+m+ (D) - m_ (D) + m^(D) 
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Since 770(0,1)) is indenpendent of the choice of the Agmon angle 9 for D, cf. [13], so is ri{D). Note 
that the defintion of ri{D) is shghtly different from the one proposed by Gilkey in [T3]. See [SJ Remark 
2.5]. 

Denote by rj{\7^) — ri{B^) the T^-invariant of the restriction of the twisted odd signature operator 
to ff'{M,E). 



3.6. Relationship with the //-invariant. In this subsection we study the relationship between 
and the 77-invariant of B^^-^ 
To simplify the notation set 

r?,(V^):=r;(Sif(,_^)) (3.17) 

and 

= U^",9'',0) = 1( LDet2. ((B„^(t^))^) - LDet2« ((f?f(t,^))^) ) • (3.18) 
Let P^j-, /c — 0, 1 be the orthogonal projection onto the closure of the subspace fl^. x(Af, E). Set 

d?^ rank(Id -Pi^jp ^j) = dimn'^^^{M, E), k = 0,l. (3.19) 
If I C M we denote by Lx the solid angle 

Lx = {pe'" -.0 < p < oo,e el}. 

Proposition 3.9. Let V 6e a flat connection on a vector bundle E over a closed Riemannian manifold 
{M,g^^) of odd dimension m = 2r — 1 and H is an odd-degree closed differential form, other than one 
form, on M. Assume 9 G (— 7r/2,0) is an Agmon angle for the twisted odd signature operator B^^^ 
such that there are no eigenvalues of B^ in the solid angles L(^_^/2.e] o,i^d i(^/2.e+7r] • Then, for every 
\>0, cf (EH), 

LDetg,,,(Sg«(,,^)) = - i^VxiV") - f E (-l)''^fe.A- (3-20) 

fc=0,l 

Proof. From Definition 13.81 of the r;-invariant it follows that 

'^(-^-Mtoo)) = -^iKtoo))- (3-21) 
By the fact that TB^'/t .V = B^)~ we have 

l,(A,oo) 0,(A,oo)' 

'7(e5too))-^K(A,oo))- (3-22) 
Combining (|3Tfl) . ([33T|) with (j3?22|) . we have 

^Ki,^)) - ^(-^Koo)) = + vi^^Roo)) = ^a(V^). (3.23) 

By [1 (4.34)], for fc = 0, 1, we have 

LDet,(±B£+) ^ 1 LDet,. ((S^,^))^) - -(.(±^C^) - ^^5^^°°)^ ^ ) (3.24) 

and, by ^5^ (6-6)] and p.l9p . we have 

(MO, «(too))') - C2.(0, K;t^))') = - E (-l)'=ci,_,. (3.25) 

A:=0,1 

Combining ([21121), ([XMl) with ([SUS]), we obtain the resuh. □ 
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4. Metric anomaly and the definition of the refined analytic torsion twisted by a flux 

FORM 

In this section we study the metric dependence of the element pn = p(V^,g*^) defined in (|3.14l) . 
We then use this element to construct the twisted refined analytic torsion, which is a canonical element 
of the determinant line Det{H* {M , E , H)) . We also show that the twisted refined analytic torsion is 
independent of the metric g^^ and the representative H in the cohomology class [H] . 

4.1. Relationship between pnit) and the Ty-invariant. Suppose that gf^ ,t G M, is a smooth family 
of Riemannian metrics on M . Let 

PH{t) = p(V^,5f ) e Det {H%M,E,H)) 

be the canonical element defined in p.l4p . 

Let Ft denote the chirality operator corresponding to the metric gf^, cf. (|3.ip . and let (t) = 
B^V^ ,gf^) denote the twisted odd signature operator corresponding to the Riemannian metric g^ ^ and 
let B"'+{t) denote the restriction of B"{t) = B{V",g^) to n%{M, E). 

Fix to G and choose A > such that there are no eigenvalues of (B^(to))^ of absolute value A. 
Further, assume that A is big enough so that the real parts of eigenvalues of (i3p^ oo)(*o))^ ^"^^ greater 
than 0. Then there exists 5 > {) small enough such that the same holds for the spectrum of [B^ {t)Y for 
< G (to ^ t{) + 5). In particular, d^^, cf. p.l9p . is independent of t e (to — (5, to + (5). Set 

7ix(y",t) ■.^v{Bl^^,oo){t)l Ut,e) = uy",9t',0)- 

By definition (IXTi)) . 

PH{t) = Detg,,(,(B^(A,oo)W) • PTtAo.x]- 

Assume that ^o ^ ('''/2, 0) is an Agmon angle for B^ [to) such that there are no eigenvalues of B^ {t^) 
in i^(_,r/2,6io] ^'^'^ -^(-7r/2,eo+ir)- Choosc (5 > SO that for every t G (to — (5, to + 5) both Oq and 6*0 + tt 
are Agmon angles of B^ (to). For t to, it might happen that there are eigenvalues of B^^^ oo)('') 
L(_7r/2,0o] -^(-7r/2,0o+7r)- Hencc, p.20|) is not necessarily true. However, from the independence of the 
Agmon angle of the (^-function, cf. [51 (6-16)], and (I3.18p . we conclude that for every angle 9 G (— 7r/2, 0), 
so that 6 and 6 + tt are Agmon angles for Bj^^^ oo)(^)' 

^xit,0)=^x{t,9o) uiodTTi. 

Hence, from ()3.20p . we obtain 

PH{t) = ±e«^ . e-"''^^^"^*) • ^'=^o,i(-i)'='i.^. . ^^^^^^^^^ (4.1) 
Lemma 4.1. Under the above assumptions, the product 

e^^^*''"^ -Pr^.o,., € Det {H'{M,E,H)) 

is independent 0/ t G (to — S,tQ + S). 
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Proof. Let Tt denote the chirality operator corresponding to the metric g^^ . FoUowing the Z-graded case, 
cf. [in], we set 



fc=0.1 



f{s,t)^ (-1)' / u'-'TT\exp{-u{rt^ 



7H\2\ 



du 



fe=0,l 



.iM,E) 



(4.2) 



Using the fact that 



H\2\ 



AM.EY 



we also have 



f{s,t) = -J2{-lf u-lTr[exp(-^.(V^^O^|^, 



du 



k=0,l 



(4.3) 



We denote by Ft with respect to the parameter t. Then 
— (FtV^)2|j^s^^^^^^(^^g^ = rtFt(FtV^)2|j^s 



,(M,S) 



(rtV^)|^i^^^^^^(A,,^)FiF,(FtV«)|^s^^^^^^(M,iJ) 



(4.4) 



;(^''r,)^lo* , ,(M,^.) = (V''rO^F,f4. + (V^F,)F,f,(V^F,) 



(4.5) 



where we used that F^ = 1. Similarly, we have 

If A is of trace class and i? is a bounded operator, it is well known that Ti{AB) = Tr(i?A). Hence, by 
this fact and the semi-group property of the heat operator, we have 

7H\2\ 



Tr 
:Tr 



(rtV^)| 



2^ * ' l^^+.(A.oo,(A^.-E) 



)(rtV^)|^s ^^^^^^ 



,(M,_E) 



exp(-:^(F,V«)2| 



exp 
•ftFt(FtV^ 
Tr 

. exp ( - i(rtV«)2|^,^^^^^(^,,^,)(F,V^)|^,^^^^^(^, 
Tr 



r*r,(F,V^)|^,^^^^^^(^, exp ( -(F,V^)2|^, ^^(,,^^)) 



7H\2\ 



)(rtV^) 



^^l(A.oo,(^.-E) 



:Tr 



r*r,(F,v^)^|^,^^^^^^(,,,_^3 exp ( - ^^(r*v^)2|^,^^^^^^(,, ,^^) 



(4.6) 



here in the last equality we used the fact that 

(r*V^)L,^^^^^(^,,^)exp(-.(F,V^^^ 
=(F,V^)2 



l"+,(A,oo)W-B) 



exp(-i.(F,V^)2|^, „ __,(M,B))- 



f^+,(A.o.)(A^.^^) 
•+.(A,oo)(A^^S) 



)(r*v^)|^. 



f^+,(A.oo)(A^.-E) 



16 



RUNG-TZUNG HUANG 



By (gg), (gSl) and (|M]), we have 



fc=0,l 



7_f/\2| 



lf^+,(A,oo,(^^.S) 



Simlarly, we have 



dt 



fc=0,l 



u'-^ Tr 



exp(-u(V^rO'' 



lf^'.(A,oo)(^'-E) 



) du. 
(4.7) 

du. 
(4.8) 



By PT7)) . (113 and the fact that ttVt -riFj, we conclude that 



fe=o,i 



fc=oa 

— s 



- E (-1) 
E (-1)^- 



u — ir 
du 



^tTt{Bl^^^^^{t)f exp ( - «(Sf 



du 



t,T,e^^{-u{Bl {t)) 



du 



fe=0.1 



f,r,exp(-^(fif(,_^,(i))2) 



(4.9) 



where we used the integration by parts for the last equality. Since {B^ (t))^ is an elliptic differential 
operator, the dimension of n*Qy^{M,E) is finite. Let £ ^ be a small enough real number so that 
{B^ {t))^ + e is bijective and 26*0 is an Agmon angle for [B^ {t)Y + £• Then we can rewrite (|4.9p as 



dt 



/(s,t) = -. E(-i)' 



/c=0,l 



m"-! Tr 



-^E(-i)' 



u^-^Tr 



TtTt{e^-p[-u{B'i{t)Y +e 
VtTt{e^^{-u{B^{t)f + e) 



du 



du 



fc=0.1 



+ . E (-1)' / "'"'Tr r,r,(exp(-u(6f[„,,(t))2 



E (-1)^ 



fc=0,l 



u^'-^Tr 



f,r,(exp(-^(S,^jo_„(i)) 



du 



du. 



(4.10) 



Since TtTt is a local quantitity and the dimension of the manifold M is odd, the asymptotic expansion 
as u 4- for Tr rtrt(exp ( — u{B^ {t))"^ + e) docs not contain a constant term. Therefore the integrals 
of the first term on the right hand side of (|4.10p do not have poles at s = 0. On the other hand, because 



of exponential decay of Tr 



and Tr 



ftrt(exp(-^.(B^_^](t))2) 



for large u. 



TtTt{ei^v{-u{B"{t)f+e) 
the integrals of the second term and the fourth term on the right hand side of (I4.10p are entire functions 
in s. Hence we have 



d 
dt 



f{s,t)^(s E(-l)' 

fe=0,l 

= E(-l)'Tr 











[ u'-^Ty 


ttVt 




du^ 


la 







r,r, 



/c=0.1 



(4.11) 
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and, by (j42]), 



dt 



s=0 



sfis,t) 



d 

dt 



.0 E(-i)'c(^'(rtV^) 



fc=0.1 



By (f37T8l) and (j42|) . we know that 

£,\{t,On) = - ^ linis^o 



/c=0,l 



Combining piT|) . with we obtain 



(4.12) 



(4.13) 



(4.14) 



Combining (|2.29p with (|4.14p . we obtain 



dt 



,?A(t,eo) . 



Pr^ ,o,A,) = 0. 



□ 



We need the following lemma, which is a slight modification of the result in Subsection 9.3 of (5j. 

Lemma 4.2. For any ti,t2 G (to ^ + 5), we have 

i^x{V"M)-Vx[V"M)^Tl{B^{h))-i^[B^{t2)), mod Z. 

Let St^iviai = 'SglVt^iviai.f^O : n^{M,E) 9P{M,E) denote the even part of twisted odd signature 
operator corresponding to the metric and the trivial line bundle over M endowed with the trivial 
connection Vtriviai- Put 

??trivial := 2^7(0, ^trivial)- 

We now need to study the dependence of ti{Bq) on the Riemannian metric . This was essentially 
done in [1] and [13]. 

Lemma 4.3. The function r]{B^ {t)) — rank(ii')77triviai(0 is, modulo Z, independent of t E (to ^ ^■tQ + 

4.2. Removing the metric anomaly and the definition of the tv^risted refined analytic torsion. 

The following theorem is the main theorem of this subsection. 

Theorem 4.4. Let M he an odd dimensional oriented closed Riemannian manifold. Let {E,V ,h^) be 
a flat complex vector bundle over M and H is a closed differential form on M of odd degree, other than 
one form. Then the element 

P(V^,<?^^) • e''^(''^"'^(^))''"^'™' e Det {H'{M,E,H)), (4.15) 

where := V + H A ■ and p{V",g^^) £ Det {LI*{M,E,H)) is defined in ((XTil) . is independent of g^^ . 

Proof. Consider a smooth family gf^,t G M of Riemannian metrics on AI. From (14. ip . we obtain for 
t€{to- S, to + S) 

Combining ()4.14|) . ()4.16|) with Lemma 1431 we conclude that for any ti,t2 G {to — d,to + S) 

(ti) ■ g*'^('^'*"'^(^))''fiviai _ ±p^ {t2) ■ e*^(''^"'*^(-^))''""i'i'i. 

Since the function p^ (t) ■ e*'^(''™'^(^')''t'™i=>i is continuous and nonzero, the sign in the right hand side of 
the equality must be positive. This proves the statement. □ 
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Definition 4.5. Let M be an odd dimensional oriented closed Riemannian manifold. Let {E, V, h^) be 
a flat complex vector bundle over M and H is a closed differential form on M of odd degree, other than 
one form. The twisted refined analytic torsion Pan(V^) is the element o/Det (^H*{AI,E,H)^ defined by 
613). 



4.3. Variation of refined analytic torsion with respect to the flux in a cohomology class. 

Suppose that the (real) flux form H is deformed smoothly along a one-parameter family with parameter 
D G M in such a way that the cohomology class [H] G H^{M,R) is fixed. Then — —dB for some 
form B E n'^{M) that depends smoothly on v. Let (3 — B A ■. Fix G and choose A > such that 
there are no eigenvalues of {B^)^{vo) of absolute value A. Further, assume that A is big enough so that 
the real parts of eigenvalues of {B^^ oo)(^o))^ ^'"^ greater than 0. Then there exists i5 > small enough 
such that the same holds for the spectrum of {B^ (v))'^ for v G {vq — 5,vq + 5). For simplicity, we often 
omit the parameter v in the notations of operators in the following discussion. 
We have the following two lemmas, see also Lemma 3.5 and lemma 3.7 of |17) . 



Lemma 4.6. Under the above assumptions, we have 

d 

fc=0,l 

Proof. As in the proof of Lemma 14.11 we set 



[0,A 



{M.E) 



fe=0,l 



u"-^ Tr 



exp ( - u(rV 



H\2\ 



du. 



(4.17) 



We note that B, hence /3, is real. By (|4.17p and the fact that 

d 



dv 



[/3,V^], 



we have 

d 
dv 



A:=0,1 
fc=0,l 



Tr 



u"-^ Tr 



-u(rv^r[/3,v^]) 



H\2\ 



exp(-w(rv") 



exp(-u(rV^)2|^ 



.(M,E) 



du 

du. 
(4.18) 



Using the fact that F^ = 1, we have 



Tr 



(r/3v^rv^) 



H\2\ 



,(A,oo)(^^'^^) 



exp ( - u(FV^) 



lf^+.(A.o.)(*^^£^) 



Tr 



(F/3r) 



(TV 



H\2\ 



2 + ,(A.oo)(A^^-E) 



exp(-M(FV") 



lf^+,(A.oo)(A^^£^) 



(4.19) 
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By using the trace property, = 1, and the semi-group property of the heat operator, we have 



Tr 



exp ( - u(rv 



H\2\ 



Tr 


(rv 


• r/3rv^) 






•exp( 




" + ,(A,oc 




Tr 


exp 




^)(M,-E) 


• exp ( 




" + ,(A,oc 





exp ( - -ii(rv 



H\2\ 



(rv^r • r^rv^) 



= Tr 



(r/?rv^) 



1 



+ ,(A.oo)(A^^S) V 2 

H\2\ 



in 



exp ( - ^u(rv^)2 
(M..)) • (rv-r) 



^^^.(A.oo,(^-f'-E) 



= Tr 



(r/?r)| 



-t(\.oo)(*^.S) 



+ ,(A,oo) 

•fv^rf I 



f^-t(A,oo)(*^^-E)_ 

exp(-u(V^r)2 



For the last equahty of (|4.20p . we used the fact that 



7H\ 



n,(A,oc)(M.s) 



(v^r) 



exp ( - u{rv"f 

exp ( - u{y"rf 



^n,(A,=e)(*^.^) 



)(rv^r) 



,{M.E)) 



JM.E) 



^'^-1(x,^)(.M,E) 



By combining (|4.19p with (I4.20p . we obtain 



EM) 



li* Tr 



lf^^,(A,=.)(Af.-E) 



(r[/3, v^]rv^ 

- Tr [(r/3r) 



exp(-u(rv'') 



du 



.{M,E) 



f2-^(A,oo)(^-f'-E) 



f^+.(A,oo,(A^.-E) 

exp ( - u{y"Tf 



^n,<A,oo, 



fc=o,i -0 
Similarly, we have 



du. 



Tr 



(rv^rv^;3) 



Tr 



f^+,(A.o.)(A^.-E) 



f2 + .(A,oo)(A^,B) 



exp ( - u{TV"f 

l^^l(A.oo)(A^,B) 



+ .(A,oo)(*^.^)'' 

exp(-u(rV^)2| 



,(M,S)^ 



and 



Tr 



Tr 



/3 



f^-T(A,oo)(A'^'-E) 



f^^,(A,oc)(Af.^) 



exp ( - u(rv 



AM,E) 



H\2\ 



' lf^ + .(A,oo)(A^.^^)^ 

exp(-u(V^r)2| 



AM,E)> 
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By combining (|4?22l) with (|423l) . we have 

J2 (-1)' / «'Tr (rv«r[/3,v^])|^,. 



fe=0.1 



+ ,(A,.=o)(^^.-E) 



exp(-u(rV^)2|^, 



+ .(A,oo)(A^^-E). 



/•CXD 

A; — U , i 



Tr 



'f^-t(A,oo)(A^'S) 



exp(-w(V^r)2| 



fe=0,l 



/3 



•(^(I,oo))'e^P(""(^(loo))' 



(4.24) 



Combining dMB), with wc obtain 



(r/3r) 



fc=0.1 



du 



fc=0,l 



where for the latter equahty we used the fact that Tr(/3 
similar to the proof of Lemma 14.11 



Tr(r^r| 



du, 

). The rest is 
□ 



Lemma 4.7. Under the same assumptions, along any one parameter deformation of H that fixes the 
cohomology class [H], the element can be chosen so that 



dv 



k=0,l 



where we identify Det {H*{M,E,H)) along the deformation using p. lip . 

Proof. In order to compare the elements pr^f, G Det {H'{M, E, i?)) at different values of v. We choose 
a reference point, say v — 0, and let H^-^\ be the values of H, pY^g ^^j, respectively, at w = 0. By 

p. lip , we have the isomorphism 

Dct(£i3) : Dot {H'{M,E,H^"y)) ^ Det {H'{M,E,H)). 

Since Eb = on il'{M, E), we have, for fc = 0, 1, 
d 



;(Det(£B))-Vr[o,., = - E ("l)'Tr(/3|^s^^^(,^,^))(Det(£s))-Vr 



fc=0,l 



[0,A] ■ 



dv 

The result follows. 

The argument of the following lemma is similar to the argument of Lemma 9.4 of [S] 
Lemma 4.8. For any Vi,V2 G (vq ~ S,Vo + 6), we have 

7j^{V'',v,)-vx{V",V2) = viBl^M)-7j{B§{v2)), mod Z. 



□ 
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Again we need to study the dependence of "^{3^) on the parameter v. As Lemma 14.31 this was 
essentially done in [1 and 13, P. 52]. 

Lemma 4.9. The function rj[B^ {v)) — rank(i?)77triviai('y) is, modulo Z, independent of v £ M. 

Now we have the main theorem of this subsection. 

Theorem 4.10. Let M be an odd dimensional oriented closed Riemannian manifold. Let {E, V, h^) be 
a fiat complex vector bundle over M . Suppose that H and H' are closed differential forms on M of odd 
degrees representing the same dcRham cohomology class, and let B be an even form so that H' = H — dB. 
Then the refined analytic torsion /5an(V^ ) = Dct(£B)(/9an(V^)). 

Proof. Again we choose a reference point, say v = Q, and let H^'^\ p^?^ be the values of H, aj' 
respectively, at t; = 0. By (|3.1ip . we have the isomorphism 

Det(e_B) :Det {H'{M,E,H'^°^)) ^ Det {H'{M,E,H)). 

Recall that sb = on Q'{AI,E). By combining Lemma [4.61 Lemma [4.71 with Lemma [4.91 we con- 
clude that (Det(eB))~^pan(V-^) is, up to sign, invariant along the deformation. Since the function 
(Det(£B))~^Pan(V^) is continuous and nonzero, the sign in the right hand side of the equality must be 
positive. This proves the statement. □ 

As pointed out by Mathai and Wu, pTj, that when iJ is a 3-form on AI, the deformation of the 
Riemannian metric g^^ and that of the flux H within its cohomology class can be interpreted as a 
deformation of generalized metrics on M and the analytic torsion should be defined for generalized 
metrics so that the deformations of g*^ and H are unified. Similarly, the the refined analytic torsion 
should be also defined for generalized metrics so that the deformations of g^ and H are unified. 

5. A DUALITY THEOREM FOR THE TWISTED REFINED ANALYTIC TORSION 

In this section we first review the concept of the dual of a complex and construct a natural isomorphism 
between the determinant lines of a Z2-graded complex and its dual. We then show that this isomorphism 
is compatible with the canonical isomorphism (|2.9p . Finally we establish a relationship between the 
twisted refined analytic torsion corresponding to a flat connection and that of its dual. The contents of 
this section are Z2-graded analogues of Sections 3 and 10 of [5]. Throughout this section, k is a field of 
characteristic zero endowed with an involutive automorphism r : k — > k. The main examples are k = C 
with T being the complex conjugation and k = K with r being the identity map. 

5.1. The Z2-graded r-dual space. If V,W are k-vector spaces, a map f : V ^ W is said to be 
r — linear if 

f{xivi + X2V2) = t{xi)vi +t{x2)v2, for anyui,W2 G V,xi,X2 e k. 

The linear space V* — V*^ of all r-lincar maps 1/ — > k is called the r — dual space to V. There are 
natural r-linear isomorphisms, cf. [5] Subsection 3.1], 

ay : Det(F*) ^ Det(y)-\ : Det(y) ^ Det(y*)-i. (5.1) 

Then for any v G Dct(V^), we have, cf. [5, (3-8)], 

{ay\v-'))-' = i-ir"^''(3viv), (5.2) 
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Let V and W be k-vector spaces, then, for any v G Det(y),u' G Det(T4^), we have, of. [5j (3-9)], 

{^J,v,wiv (E)w)) ^ = avs)W ° ^J■v^,w■'{ay^iv~^) (^a^i^^^))- (5-3) 
Let T : V ^ W he Si k-hnear map. The r — adjoint of T is the hnear map 

T* -.W* ^ V* 

such that 

{T*w*){v) ^ w*{Tv), for all veV,w* e W* . 
If T is bijective, then, for any nonzero v G Dct(y), we have, cf. [51 (3-11)], 

T*a^\iTv)-')^ay\v-'). (5.4) 

Let V'^jV'^, - ■ ■ , V™" be finite dimensional k-vector space, where m = 2r — 1 is an odd integer. Denote 
by V° ^ ^ll^ V^' and = 0,^^ F^'+i. Let V = V° ®V'^ he a finite dimensional Za-graded k-vector 
space. We define the Z2 — graded (r— ) dual space V — V'^ ® by 

:= (1/fe+T)*, /c^O,l. 

Then (jS.ip induces a r-linear isomorphism 

ay. : Det(F*) ^ Det(y*), (5.5) 

defined by 

av (v-o ® (vi)-') = (-l)-^(^*) . a-\{v^^) ® ayn(«g), (5.6) 
where vj. € Det(F^), /c = 0, 1 and, cf. (f2T3l) . 

7W(y) =7W(yVy) =dimy"-dimF\ 



5.2. The dual complex of a Z2-graded complex. Consider the Z2-graded complex p.2p of finite 
dimensional k-vector spaces. The dual complex of the Z2-graded complex ()2.2p is the complex 

{C',d*) : •••A ^ (7^ A 6*° (5.7) 

where = (C''+^)* and d* is the r-adjoint of d. Then the cohomology H^{d*) of C" is natural 
isomorphic to the r-dual space to H^^^{d) {k = 0, 1). Hence by (|5.5p . we obtain r-linear isomorphisms 

ac- : Det(C") ^Det(C'), 

aH'(d) ■■ T)ei(H'{d)) Dct{H'{d*)). ^ ' ' 

The following lemma is the Z2-graded analogue of Lemma 3.6 of [5 . The proof is similar to the proof 
of Lemma 3.6 of [5 . We skip the proof. 



Lemma 5.1. Let {C*,d) be a Z,2-graded complex of finite dimensional \i-vector spaces, defined as p.2p . 
Further, assume that the Euler characteristics x(C'*) — x(C") — 0. Then the following diagramm com- 
mutes: 

Det(C") -^2^ Det{H*{d)) 

»H'(d) (5.9) 

Det(C') Det(iJ*(d*)) 
where <j)c' and (pQ, are defined as in (j2.10p . 
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5.3. The refined torsion of the Z2-graded dual complex. Suppose now that k is endowed with an 
involutivc cndomorphism r. Let C" be the r-dual complex of C and let ac ■ Det(C") Det(C'*) denote 
the T-isomorphism defined in (|5.8p . Let F* be the r-adjoint of F. Then F* is a chirality operator for the 
complex C*. 

The following lemma is the Z2-graded analogue of Lemma 4.11 of [5]. 
Lemma 5.2. In the situation described above, 

Pr- = OLH'(d){PT)- (5.10) 

Proof. Fix Co £ Det(C°) and set 

?o = a^o((rco)"') eDet(a°). (5.11) 

Then, by CT . 

F*?o = ac«(^o')^Det(^")- (5.12) 
Using we obtain from (|5.11|) and (|5.12p . that 

/3c8(co) = (-l)'^''"^" • {T*Z-,r\ PciiTc-,) = (-1)^'-^" . cri. (5.13) 
Combining (gH), (|5TT|) . (jgl^ and (|5T^ . we have 

ac.(cr)-(-l)^(^')+^'-'^°-cr.. (5.14) 
By (I2.22p . py = 0c* (cp). Therefore, from Lemma [??T1 we obtain 

«H.w(pr) =0c. °«c.(cp) - (-l)^(^')+d"-cV^^., (515) 
By (1^1^ and the fact dimC" = dimC\ we get 

7W(C') + dimC" = dimC^ -dimC" + dimC" = dimC" • (dimC" + 1) = 0, mod 2. (5.16) 
Combining (IET5|l with we obtain (ISTTU)) . □ 

5.4. The duality theorem. Suppose that M is a closed oriented manifold of odd dimension m = 2r — 1. 
Let E M be a complex vector bundle over M and let V be a flat connection on E. Fix a Hermitian 
metric on _E. Denote by V the connection on E dual to the connection V, cf. [3 Subsection 10.1]. 
We denote by E' the flat bundle {E, V), referring to E' as the dual of the flat vector bundle E. Using the 
construction of Section r5.11 with r : C — > C be the complex conjugation, we have the canonical anti-linear 
isomorphism 

a:J:)et{H'{M,E,H)) Det {H' {M, E' , H)) . (5.17) 

The following theorem is the main result of this section and is the twisted analogue of Theorem 10.3 
of 0. 

Theorem 5.3. Let E — >■ M be a complex vector bundle over a closed oriented odd dimensional manifold 
AI and let V be a flat connection on E. Denote by V' the connection dual to V with respect to a Hermitian 
metric on E and let H be a odd- degree cloed form, other than one form, on M . Then 

where a is the anti-linear isomorphism (|5.17p and g^^ is any Riemannian metric on M . 
The rest of this section is concerned about the proof of Thoerem [ 
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5.5. A choice of A. Assume that no eigenvalue of lies in the solid angles L[„0_7r,0] and L\^^g g^T^^^ 
cf. Subsection 10.4 and 10.5], then it follows that no eigenvalue of {B^-y ^-^Y lies in the solid angles 

Let B'^ denote the twisted odd signature operator associated to the connection V', the odd-degree 
form H and the Riemannian metric g^^. One can check that 

(v^)* = rv'-^r and {V")* = rv^r. (5.19) 

Using p.2p . (|5.19p and the equality F* = F, one can see that the adjoint B'^ of B^ satisfies 

{B")*^B'". (5.20) 

The choice of the angle 9 guarantees that ±26* are Agmon angles for the operator (FV'^)^ ~ ((FV'^)^)*. 
In particular, for each A > 0, the number £,\{^'^ , g^^ ,0) can be defined by the formula p.lSp . with the 
same angle 9 and with replaced by V'^ everywhere. 

The following lemma is twisted analogue of Lemma 10.6 of f5| and the proof is similar to the proof of 
Lemma 10.6 of 5 . We skip the proof. 

Lemma 5.4. Let 9 be as above and let X > be big enough so that the operator B^^ does not have 
purely imaginary eigenvalues, cf. [SI Subsection 10.5]. Then 

U^'",g'',9)^U^",g'\e), 

and 

'/A(V'«)=fyA(V^), (5.21) 
where z denotes the complex conjugate of the number z G C. 

5.6. Small eigenvalues of B" and B'" . We define nl^^{M,E'),n'l{M,E'), and n^{M,E') in similar 
ways as n'l j^{M, E),n'l{M, E) and n''{M,E), respectively. As ([339]) . for fc = 0, 1, set 

4, = dimr!i_[o^;,](M, E), d'%y = dim4_fo_^j(Af, E'). (5.22) 

From the fact that FSf ;t .F = B'^ ,^ . , we conclude that 

fc,(A,oo) fe+l,(A,oo)' 



Therefore 
Hence 



df.^d^^, fc = 0,l. 

fc,A fc+l,A' ' 



J2 (-l)''^s,A ^ '^o^A - €,A ^ ^o^.A + 4a = dimr!fo,;,](M, E), mod 2Z. (5.24) 



fc=0,l 



From ((S^ and (f05)) . we obtain 

dim Q^Iq ^^ (M, E) = dim (M, E) = dim nf^.x] (M, E') = dim (M, E'). (5.25) 

Hence by (l5?24l) and (|5?25ll . we have 

E (-l)''^'fc,A = dimr!fo_,](A/,i?), mod 2Z. (5.26) 
fc=oa 

By the definition p.l6p . we obtain 

2^(^Bf[o.A]) = diml]|'o_;,](Af,ii;), mod 2Z. (5.27) 
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From ([3T7l) . (|06l) and (fOTj) . wc obtain, modulo 2Z, 

^ 2,7,(V^) + J2 ^Sa- (5-28) 

fe=0,l 

Similarly, 

2r?(Sf (V^)) = 2,7a(V'^) + ^ d^^, mod 2Z. (5.29) 

fc=0,l 

5.7. Proof of Theorem 15.31 Let Pfjo a] twisted refined torsion of the complex fi'p (Af, i?') 

associated to the restriction of F to ft'^ 

By Lemma [5^ (|5.17p and the fact that F* = F, cf. [3, Proposition 3.58], we obtain 

^rjo.Aj = "(/Tio.A]) (5-30) 
From ((XTi)) . and Definition we obtain 

Pa„(V^) = Pr,o,.j •exp(CA(V^,5'',^)-»^^A(V^)-y E (-l)'rf^,;,+^^(rank(£;)Hriviai). (5.31) 

*;=0,1 

Since a is an anti-linear isomorphism, Q!(/9an • z) = a(pan) • z for any z G C. Hence, from ()5.30p and (|5.3ip . 
we get 

a(pan(V«)) =p^j^, ^j-exp(6(V^,/^0)+*7r^A(V«) + y ^ (-1)^-^^ , -*7r(rank(i?)),7triviai) ■ (5.32) 

k=0,l 

Using Lemma and the analogue of (|5.3ip for /9an(V^), we obtain from (I5.32p 

a(Pan(V^)) = Pan(V'^) • CXp (2infjxiV") + ITT ^ (^'^ fd^^x " «^(rank(S))77trivial) • (5.33) 

fc=o,i 

From and (fOg)) . we obtain (jElB . 

6. Comparison with the twisted analytic torsion 

In this section we first define the twisted Ray-Singer metric || • 1 1 Dot (_?/•( Af e h)) then calculate the 
twisted Ray-Singer norm ||Pan(V^) Hq^j^jl^.^^,^ ^ of the twisted refined analytic torsion. In particular, 
we show that, if V is a Hermitian metric, then ||pan(V^) Hq^^^j:^.^^,^ ^ = 1. 

6.1. The twisted analytic torsion. Let i5 — M be a complex vector bundle over a cloed oriented 
manifold M of odd dimension m = 2r — 1. Let V be a flat connection on E and be a odd degree 
closed form, other than one form, on M. Fix a Riemannian metric g'^ on M and a Hermitian metric 
on E. Let V''^* denote the adjoint of := V + A • with respect to the scalar product < •, • >m on 
f2'(Af, i?) defined by and the Riemannian metric g^^ . 
Now let 

be the Laplacian twisted by the form H. We denote by A^^ the restriction of A^ to n'^{M, E), k — 0,1. 
Assume that I is an interval of the form [0, A], (A, /i], (A, oo)(/i > A > 0) and let H^h j be the spectral 

k ' 

projection of corresponding to I, cf. Subsection 13.31 Set 

n^{M,E) := n^H j:{n'{M,E)) C n'{M,E). 
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Let Aj^'"^ denote the restriction of A^^ to (lfj^{M,E) and define 

It is not difficult to check that, for any non-negative, real numbers fJ- > X > 0, 

-'(A,oo) — ^(A,^] ■ -'[ai,oo)- 

Note that if -qj. is the unit volume element of H^{M, E, H), k = 0,1, then 

t{M,E,H) {T^%)y' ■m<E>v^' £ Det {H' {M, E, H)) (6.3) 

is the twisted analytic torsion, introduced by V. Mathai and S. Wu in 17 . 

For each A > 0, the cohomology of the finite dimensional complex (Cl'i^ ^^{M, E),\7^) is naturally 
isomorphic to H*{M,E,H). Identifying these two cohomology spaces, we then obtain from (|2.10p an 
isomorphism 

<Aa = 0o.„ ,,(Af,iJ) : Det {Cl^.^^^iM, E)) ^ Det {H'{M,E,H)). (6.4) 

The scalar product < •, • > on i7*Q^j(M, £■) C n*{M,E) defined by and induces a metric 
II • II f.^ \\ '^'^ ^he determinant line Det (ilTp (A/, . Let || • ||a denote the metric on the 

determinant line Det (^H'{M, E, H)^ such that the isomorphism ()6.4p is an isometry. Then, for c G 
Det (rj'o [M, E)),we have 

ll-llDct(o.,,(M,i.))-|l'^^(-)ll^- (6.5) 
Using the Hodge theory, we have the canonical identification 

H^{M, E, H) ^KerA^ , k = 0,l. 

By their inclusion in J7'^(M, E), the space of twisted harmonic forms Ker A^ inherits a metric. We denote 
by I • I / ,\ the corresponding metric on Det (H'(M,E,H)). By definition 

' 'Dot (ff«(Af,E,H)j ^ \ \ ' T JJ J 

II ' lloot (n'Qj(Af,£;)) ^ I ' ^Dct (^H'(M.E,H)')' ^^'^^ 

The following is twisted analogue of ^ Proposition 1.5]. See also [5D] for the contact version. 
Proposition 6.1. 

l|-|l^ = l'lDct(H.(Af,B,ff)) '^(M- (6-7) 

Proof. For)fc = 0,l,fixc'g eDet(f7|^oj(M,£;)) ^ T>ei {H^ {M , E , H)) and ^ £ Det (f^^g (M, £;)) . Then, 
using the natural isomorphism 

Det (nf 0} (M, E)) ® Det (f]fo_;,] ( Af , E)) 

-Det (%(A^,£;)©i^fo.A](^-^,^^)) 
= Det (J7fo_,](Af,i?)), 

we can regard the tensor product Cj. :— c'^ c^' as an element of Det {p.^^ (Af, i?)) . Denote by 
n^'~{M,E) = KerV^ n U\{M,E), n'^'+{M,E) = KciV"* n n\{M,E). 
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Since the complexes Cl^^ ^^{AI , E) , k = 0,1, are acyclic, it is not difficult to see that each f2^g (Af , i?) 
splits orthogonally into 

f)fo,;,] (M, E) - f^f-, (M, E) ® {M, E). (6.8) 

Take aj, G Det (fi^(^+ j (M, £;)) so that c^^ = ^"{aj^) A a''. Denote by c = c' (Ki c", where c' = Cg (g) Cj~^ 
and c" = 4' (8)c'7\ Then 

ll'^llDct(a-„ ^,(M,£;)) = ""^ "Dct(ft-„j(M,iS)) ^ 'I'' llDot(oS„_^j(Af,E)) 

= ll^'llDct(o.„,(M,i^)) ^ ll«5llo,,(f20„+,(M,i.)) ^ ll^''(«l)llDetfe,(M.B)) 

X (|I«iIId.(.- (M,.)))" X (M,.)))"- (6.9) 

where || • \\v denotes the naturally induced norm on the subspace V. The space Cl^Qy^{M,E) splits 
orthogonally into eigenspaces. 

^\^^^^{M,E) = ®,<x(l\,}{M,E) 
Given v e (0, A], we choose an orthogonal basis (wi, • • • , Vn^) of each eigenspace 5l^^^(M, E) and choose 
the element „ = Vl^■■■ ^Vr,^ e Det (Af , E,H)), where = dim fj^;"^ (A/, £;) . Then 

II V^(a,, Jll^^^ (f^^^-(M,i.)) = ^ • • • ^ ^"""^ "Dot {n-^'-(ALE)) 

= ll^''^l|lDct(of^-(M,iJ)) X X ll^''^»JlDct(o|^-(M.£)) 

= '^'^ 11^1 "Dot (o^;,+ (Af,£)) X X ll«»'=llDot(n^:,+ (M,fJ)) 

= '^'^ll«fe,JlDet(nJ.+ (M,i.))- (6.10) 

By combining (|6.9I) with (|6.10p . we obtain 

ii^iId.k,,(m.,)HIc\,,(,.^^^,,^^^ (6.11) 

By dnH]), (113]), dsn and ([S1T|) . we obtain the result. □ 
By (|H?7)) . we have, for < A < /i, 

l|-|U = l|-||A-Tf,s^]. (g_12) 
The twisted Ray-Singer metric on Det (iJ*(A/, E', _ff)) is defined by the formula 

W-t^ i ^ II • lU • T^ooV A>0. (6.13) 

It follows immediately from (|6.2p and ()6.12p that || ■ jj^^ t (_ff*(M b //)) independent of the choice of 
A > 0. Note that for A = 0, by ([OD and (I5T^ . we have 



|T(Af,i?,i/)| 



RS 



Det {^H'{M, EM)) ^' 



Theorem 6.2. Let E be a complex vector bundle over a closed oriented odd dimensional manifold M 
and let V be a flat connection on E. Further, let H be a odd-degree closed form on M and denote by 
:= V + iJ A •. Then 

||Pa„(V^)fS ^g^Im,(V-.9") (g_i4) 

"^'"'^ ' "Bet [h'{M,E,H)) 
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where 

In particular, ifV is a Hermitian connection, then ||/3an(V^)||^^ / \ = 1- 

^ ' ^ ^"Uct {h'{M,E.H)) 

The rest of this section is concerned with the proof of Theorem 16.21 

6.2. Comparison between the twisted Ray-Singer metrics associated to a connection and to 

its dual. We assume that 9 G (— 7r/2, 0) is any Agmon angle for the twisted odd signature operator 
such that no eigenvalue of B^^ lies in the solid angles i[-0-7r,-7r/2] i ^(-7r/2.e]i i[-e,7T/2) £^nd i(7r/2,e+7r] i 
cf. Subsection 11.4] 

As in Subsection 15.41 let V' be the connection dual to V with respect to the Hermitian metric h^ and 
let E' denote the flat bundle {E, V'). Let H be an odd degree closed form, other than one form, on M 
and denote by := V + if A •. Let 

denote the twisted Laplacian of the connection V' twisted by the form H. For any A > 0, we denote by 

nio^^^iM,E')cn'{M,E') 

the image of the spectral projection nA'",[o,A]i cf. Subsection l3.3l As in Subsection 16. 11 we use the scalar 
product induced by g'^ and h^ on fi^^ (M, E') to construct a metric || ■ H';^ on Det {H'{M, E',H)) and 
we define the twisted Ray-Singer metric on Det (^H'{M, E\ iJ)) by the formula 

II ■ 11"^^ / ^ - II • Ha • Tjf^){V"), A > 0. (6.15) 

As the untwisted case, cf. |5l Subsection 11.6], we have the following identification, 

ni,^,^{M,E') = n^^-^{M,Ey, 

which preserves the scalar products induced by g*^ and h^ on Cl*^ ^j(M, i?') and Cl^^*{M,E)*. Hence, 
the anti-linear isomorphism a, cf. ()5.17p . is an isometry with respect to the metrics || • \\\ and || • ||^. In 
particular, 

||Pa„(V«)||A=||«(pa„(V^))irA. 

It follows from (|5.18|) that 

||Pa„(V^)|U - I|Pa„(V'^)||l • e2-i-''(v".«^^). (6.16) 
We need the following lemma. For untwisted case, cf. for example |5 Lemma 8.8]. 
Lemma 6.3. 

Tli%j{V'")^Tl'^^^{V"). (6.17) 

Proof. From (|5.19p . we have 
As in (16.81). we have 



^(x,oo)iM,E) = nl^-^^{M,E) © n1l^+^^{M,E). (6.19) 
The operator maps f^pj^j {M, E) isomorphically onto ^'(^xoo) (-^' ^) 
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Hence, by (|6.20p . we have 
LDet'_ 

From (|6.18p . we obtain 



LDetU {{V"rV")U, = LDetU (V'^(V'^)*)|^^ (6.21) 



= ^E(-l)'"^LDetU((V-rV-)|,.. 

fe=0,l '°° 

= I E (-i)'=+^LDetU(rv-(v-)*r)|,,, 

fc=0,l '°° 

= lE(-l)^"^LDetU(V-(V-)*)|^^ ^^^^^ 
= ^E(-l)'LDctU(V-(V-)*)|,, 

fe=0.1 '"^ 



fe=0.1 '°° 



where we use (fOTj) for the last equality. This proves the lemma. □ 
Hence, from (|67T3l) . (|05l) . ([67T6ll and (|6l7|) . we conclude that 

l|Pa„(V^)fS . s = ||Pan(V'^)fS , 2. Im ,(V- ,3- ) ^ (g22) 

"'^''"^ ^"Dct (h«(A/,£;,H)) '"-Dct[H'{M.E'M)) ^ ' 

6.3. Direct sum of a connection and its dual. Let 

V 

v 

denote the fiat connection oyl E ®E obtained as a direct sum of the connections V and V. Denote by 



V'^ 



Then a discussion similar to j5i Subsection 11.7], where the untwisted case was treated, one easily obtains 
that, 

Pan(V^) = fJ,H'(M,E,H),H'{M,E',H){Pi^nC^") ® Pan(V'-^)) 

and 

Combining this later equality with (|6.22l) . we get 

^"Uet[H'{M,E®E',H) VH/^anv ' "Bet [H' {M,E,H) ^ 

Hence, (|6.14p is equivalent to the equality 

||Pan(V^)r^ / N = 1. (6.23) 

"'^''"^ ^"-Dct[H'{M.E®E'.H) ^ ' 

By a slight modification of the deformation argument in jSj Section 11, P.205-211], where the untwisted 
case was treated, we can obtain (|6.23p . Hence, we finish the proof of Theorem [ 
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